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THE ROLE OF LARGE-SCALE ASYMMETRIES AND INTERNAL MIXING
IN COMPUTING MERIDIONAL CIRCULATIONS ASSOCIATED
WITH THE STEADY-STATE HURRICANE
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ABSTRACT

The role of asymmetries (large-scale horizontal eddies) in satisfying the mean angular momentum budget for
the steady-state hurricane is studied by computing transverse circulations for a prescribed tangential vortex on the
scale of 1000 km. For realistic diabatic heating rates at large distances from the hurricane center, the correlation
between radial velocity and absolute vorticity must be negative in the upper troposphere and positive in the lower

troposphere.

The transverse circulations show sma,ll-scale oscillations that increase as internal mixing is increased. This

paradox results from balancing “noise”
and vertical advection terms.

1. INTRODUCTION

The tangential wind distribution for mature hurricanes
is relatively well known from aircraft measurements.
Several investigators (Krishnamurti 1961, 1962; Bar-
rientos 1964) have calculated the transverse or meridional
circulations required to maintain specified (observed)
tangential wind distributions in a steady state with
various assumptions concerning horizontal and vertical
mixing. Krishnamurti (1961, 1962) used the method of
characteristics in both axisymmetric and asymmetric
models. Barrientos (1964) extended Krishnamurti’s work
on the axisymmetric model by adding a more realistic
boundary layer.

Both Barrientos and Krishnamurti cons1dered relatively
small domains (less than 200 km from the center of the
storm). In this paper, transverse circulations are obtained
for a prescribed tangential wind distribution over a
domain extending 1000 km from the center. An iterative
method is used to compute the steady-state vertical
velocity at the top of the boundry layer. This method
gives more satisfactory solutions than the approximate
formula used by Barrientos, especially in regions of small
absolute vorticity.

The transverse circulations are quite reasonable inside
300 km. However, vertical circulations at larger distances
require unreasonable amounts of diabatic heating and
cooling to maintain. the steady state. This difficulty is
related to the angular momentum budget in the steady
axisymmetric hurricane and can be eliminated if the
symmetry assumption is relaxed.

The present calculations are carried out in isentropic
coordinates to emphasize the relation between heating and
angular momentum. In retrospect, however, this advan-
tage is offset by the increased complexity of the continuity
equation.

in -the prescribed tangential wind profiles by oscillations in the radial

2. BASIC EQUATIONS

The steady-state equations of motion in cylindrical
isentropic coordinates are
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where o), is the tangential velocity, positive in direction of
increasing A; v, is the radial velocity; d6/dt (the rate of
potential temperature change following a parcel) is the
“vertical velocity” in isentropic (f) coordinates due to
diabatic heating; f is the Coriolis parameter (5.0 X107
sec™!); and F', and F, are expressions for the mixing of radial
and tangential momentum, respectively. The mixing expres-
sions are written in terms of constant horizontal (Kjz) and
vertical (K;) mixing coefficients:
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with a similar expression for F,. It is recognized that this
Fickian type of mixing in numerical modeling is only a
gross approximation to the role of turbulence in nature.
Constant mixing coefficients seem to be particularly inade-
quate to represent vertical mixing in hurricanes, where the
importance of cumulus clouds in the redistribution of
momentum has been demonstrated by Gray (1967). In
this paper, however, it is shown (section 7) that the inclu-
sion of eny form of internal mixing leads to unrealistic
results, because the specified (observed) tangential winds
are not free to vary with the amount or form of mixing.



599 -

The Montgomery potential, ¢, and the absolute vortic-
ity, t., are defined by

y=c,T+gz (4)
and oo,
§a=‘,",'a7 +f (5)

where ¢, is the specific heat at constant pressure, T is
absolute temperature, g is the acceleration of gravity, and

2 is height.
The hydrostatic equation is
w_ T |
Y e (®)

and the definition of potential temperature is

(5
4
where P,=1000 mb, p is pressure, and x=0.287.

The equations for the circularly averaged motion at
distance 7 from the center are derived by letting

™

2,=7,+0,

and _ (8)
KA=D+0

where
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After substituting (8) into equations (1) and (2) and
applying the operator defined by (9), the equations
describing the mean motion are

~ov, 00, . E_ N, =
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and
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The averaged continuity equation in isentropic coordinates
is

(12)

where we have assumed that dp/06=0p/09. Multiplying
equation (11) by dp/06, defining

_—0p
U=?)r a—o (13)
and
_dodp
V=g (1)

and eliminating U between equations (11) and (12), we
obtain the following first-order differential equation in W:
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In (15), d=(on/08)/;, and E(r0)=(1/r)(d)(rdp/06)
(Fy/t.)/0r. The expressions for d, drd/rdr, and E may be
calculated by finite differences from the prescribed
tangential wind distribution, so that (15) is an equation
in two unknowns, W and »/¢.. In the axisymmetric
case, v.¢.=0, and (15) may be solved nuimerically for
W(r,0) given W(r,8,) and W(r,=0, 6) as boundary condi-
tions. Tne radial velocity may be calculated from (13)
where
v=(Z r-w 2. (16)
The solution for ] {,=0 corresponds to the axisymmet-
ric results of Krishnamurti (1961) and Barrientos (1964).
We show that the solutions from this form of the equation
are reasonable near the center of the hurricane, but
unreasonable at larger distances. The unreasonable
solutions for df/dt at larger distances apparently result
from either the steady-state assumption or the neglect
of »] ¢, in (15). We investigate the latter possibility by
specifying dé/dt beyond some distance from the storm
center and calculating »; {;. The pattern and order of
magnitude of this mean eddy term is then compared with
empirical evidence.

3. STRUCTURE OF THE MODEL

The geometry of the model consists of the sea level
surface and 14 isentropic surfaces (305° to 370°K). The
velocity components », and »,, d8/dt, and 9p/d6 are defined
at even # surfaces. The other variables are defined at
odd 8 surfaces. Given T(6) at R=1000 km from Jordan’s
(1958) mean hurricane season sounding, ¥(6) at E=1000
km is computed from the hydrostatic equation. An
estimate on the temperature distribution is computed by
integrating the gradient wind equation

ay v¢
oty (17)
from 7=1000 km to r=0 to obtain ¥(§) and then differ-
entiating ¢(8) to calculate 7. Note that the gradient wind
assumption is used only to obtain an estimate of the
temperature structure, and the vortex circulation is not
assumed to be in gradient balance in the other calculations.

The surface pressure is determined by assuming that
the pressure gradient at the surface equals the pressure
gradient at 6=310°K. We also assume T'(z=0)=27°C,
which defines 8(z=0) by equation 7. Because the variables
are calculated at alternate 6 levels, values for the inter-
mediate levels are linearly interpolated as needed.

Equation (15) may be solved as a mixed initial value
and boundary value problem. To calculate W(8,, ), we
make use of the steady-state thermodynamic equation
in pressure coordinates:

de

%=w @-‘-7}, a—r' (18)
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Since the major inflow occurs in the boundry layer,
,(09/0r) may be neglected in comparison to «(d6/dp) at
the top of the boundary layer. The steady-state w at the
top of the boundary layer (wr) is calculated by an iterative
technique described in the next section. We then approxi-
mate W(r, 6=305) = (d8/dt) (0p/06).

At the origin, (15) reduces to

aw

39 = =—E(r=0,8)

(19)

by the symmetry assumption. The solution to equation
(19) is

' ~f’ E(r=0, 6)d8
W(r=0,80)=W(r=0,8=305)¢ ~* (20)
Equation (20) is solved numerically to yield W(r=0, 6),
the other necessary boundary condition.

4. THE VERTICAL VELOCITY AT THE TOP
OF THE BOUNDARY LAYER

To calculate the steady-state wr for the pressure
gradient force, F(r), we assume a boundary layer of
fixed depth, Ap = 100 mb. The tangential and radial
equations of motion are written for the middle level in
the boundary layer, where we assume that the horizontal
advection of momentum dominates the vertical advection:

ODQPW]
AP
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In (21) and (22), Cp is the drag coefficient, p is the sur-
face density, and |V|=(v; + %)% The nonlinear hori-
zontal mixing is modeled after Smagorinsky (1965).
For ¢ylindrical coordinates and circular symmetry,

Ky =k, (ar)* D)

o (T[T}

In equation (23), %k, is a nondimensional constant of
order unity.

(23)

where

(24)

The steady-state radial and tangential velocities that
correspond to the pressure gradient force, F(r), are com-
puted iteratively using the Matsuno (1966) differencing
scheme. This scheme has the desirable property of damp-
ing high-frequency waves. One iteration cycle is summar-
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ized below, with the superscript referring to the iteration
step:

1) Given values of v and o},
values (designated by v} and v}) of
equations (21) and (22).

2) “Forecast” final estimates of 7"’ and »**' using *
values of v\ and », where they appear in' the right sides
of (21) and (22).

3) Return to 1.

“forecast”’ tentative
1 and 7" from

]

This completes one iteration cycle. The iterations con-
tinue until the root-mean square of the differences be-
tween successive iterations reaches some small value.
After the steady radial velocities are attained, wr is
computed from the continuity equation

Wy W

— () 41— (r21);
AP

Ti3Ar (25)

with wy=0. The index ; refers to the horizontal grid
point with r;= (7—1)Ar.

Centered differences are used for the advective terms.
Boundary conditions at 1000 km are zero divergence and
zero relative vorticity. Other parameters are ko=0.5,
Cp=0.003, p=1.0X10"% gm em™3, Ar=20 km, and
At=120 sec.

The iterative method for computing the steady-state
wy is quite powerful and has relatively few restrictions.
In contrast, the approximate expression

~ =9 WrCor|Vin/ta)
r

po (26)

used by Anthes and Johnson (1968) and Barrientos
(1964) yields unsatisfactory solutions for profiles with
small values of absolute vorticity.

5. COMPUTATIONAL PROCEDURE

For the axisymmetric calculation in which »7¢; is
assumed zero, (15) is solved in two ways. The first
method is explicit and uses forward 6 differencing and one-
sided r differencing in computing d(8W/9r). The finite-dif-
ference equation for (15) is

Wi [1— ld,l+Ao( )]W

+5 |d3| Wi —20E7. (27)
In equation (27), A6 is the increment of 8, and n refers to
the #level. In all experiments Ar=20 km. The size of A9 de-
pends on the computational stability requirement |(A6/Ar)d|
<1. To satisfy this requirement, A varies from 1°K in the
low levels to 0.125°K in the upper levels. The term (drd/
rdr)7 is approximated by (r.dy 1 —7i—1ds-1)/rs(7 s —14-1).

The advantage in this first method is that d=(du:/06) /¢
may be either positive or negative. In the implicit
method discussed later, d must be negative, which restricts
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Freure 1.—Specified tangential wind distribution used in computing
transverse circulations for all experiments.
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Ficure 2.-~Isentropic cross section computed from tangential
wind distribution shown in figure 1 assuming gradient balance.

this method to regions where the cyclonic winds decrease
with height. The chief disadvantage of the first method is
that very small A6 steps are required in the upper levels
where |(6m/60)/§‘,,} is large.

An implicit finite-difference scheme has the advantage
of computational stability for any A8 and Ar provided that
d < 0 everywhere. The implicit finite-difference equation
corresponding to (15) is

Wn+1_ {[1 +2Ar A0 ard ]Wn .

2 ror
dj —A@E,} [1_2Tr

8

C)'=3C i+

In the experiments shown here, d < 0 everywhere so
equation (28) is used in most of the experiments. In one
comparison experiment, the maximum differences in re-
sults between the explicit and the implicit schemes were
on the order of 3 percent.

_205rd
2 rar] (28)
where

6. RESULTS

The prescribed vertical cross section of tangential wind
used in all the experiments is shown in figure 1. The
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Figure 3.—(a) steady-state vertical motion profile at the top of the
boundary layer computed iteratively under a steady pressure
gradient force; (b) gradient tangential wind (solid line) at the top
of the boundary layer and steady-state tangential wind (dashed
line) at the middle level in the boundary layer; and (c) steady-
state radial velocity at the middle level in the boundary layer.

isentropic cross section assuming gradient balance above
the boundary layer is shown in figure 2. The steady-state
tangential and radial winds in the boundary layer and the
corresponding w at the top of the boundary layer are shown
in figures 3a through 3c.

A list of the experiments and their main characteristics
are given in table 1.

Experiment 1 calculates the transverse circulations with
no explicit mixing. Figure 4 shows Stokes’s stream
function, ®, defined by

and (29)

The meridional circulation shows inflow in the boundary
layer, rising motion inside 240 km, outflow in the middle
and upper troposphere, and sinking motion at large dis-
tances from the center. The corresponding vertical motion
and radial velocity cross sections are shown in figures 5
and 6. The approximate vertical motion is computed from
w=—w/pg. (30)

Figure 4 shows the angular momentum (3 = (fr*/2) +
ron) cross section. With no dissipation above the boundary
layer, angular momentum should be conserved. Therefore,
deviations between the streamlines and isolines of angular
momentum are a measure of the truncation error in the
finite-difference scheme. The streamlines cross toward
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TaBLE 1.—List of experiments VERTICAL MOTION (cm/sec) EXP & K0  Ks0
sro[ 4020 10 . 10 10 0 142
Exp. no. Ky (cm? sec~1) Kz(em? sect) s N S el
Y
350 ST T T Jea €
1 0.0 0 18 =
2 5.0X108 0 Al Yty &
3 10. 0108 0 © 330 et
4 0.0 5X 108
320 807
310 1768
40
2.0 20 1009

EXP 1  STOKES STREAM FUNCTION (10'4m sec')

28 . 5 75 - Huz

ANGULAR MOMENTUM (10"%n? sec")

R (Km)

FicURE 4.—Stokes’s stream function (dashed lines) for experiment 1
with no horizontal or vertical mixing. Solid lines are angular
momentum contours associated with assumed tangential wind
distribution.

lower angular momentum, indicating that the truncation
is dissipative. This is not surprising in view of the one-
sided differencing in equation (28).

The difficulty with the computed circulations at large
distances from the center is most apparent in the heating
distribution. Figure 7 shows the cross section of df/dt.
The values near the center are fairly reasonable when the
equivalent latent heating is converted to rainfall rates
and compared with observations (table 2). At large
distances from the center, however, temperature changes
by diabatic heating are too large for the physical sources
and sinks of energy at these distances. Heating near the
tropopause is as much as 45°C day~, and cooling in the
descending branch of the meridional circulation reaches
30°C day~! in places. Since radiative effects are on the
order of a few degrees per day, these solutions are con-
sidered unreasonable.

The difficulty arises from the axisymmetric assump-
tion. Since M= (fr?/2)-rv\, the isolines of mean angular
momentum intersect the horizontal isentropic surfaces
at greater angles with increasingr. With the symmetry
assumption, this increasing angle of intersection implies
large amounts of heating and cooling because angular
momentum is approximately conserved. Friction causes
the streamlines in the outflow layer to deviate toward
lower values of angular momentum and requires even
more diabatic heating.

Although Riehl and Malkus (1961) have shown that
the asymmetries are unimportant inside 200 km, various
investigators (Palmén and Riehl 1957, Pfeffer 1958) have
found large contributions to the angular momentum budg-
et from large-scale horizontal eddies at greater distances

L " " R L . " N -
[ 100 200 300 400 300 €00 700 800 900 1000
R (Km)

Figure 5.—Vertical motion cross section for experiment 1 (no
horizontal or vertical mixing).
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Ficure 6.—Radial velocity cross section for experiment 1 (no
horizontal or vertical mixing).
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Fireure 7.—Cross section of potential temperature change dg/dt by
diabatic heating required in steady-state experiment 1.

from the storm center. If these asymmetries oppose the
mean flow in transporting angular momentum, the large
diabatic heating shown by figure 7 would not be necessary
to maintain the steady state. Because the mean outflow
is directed toward higher values of angular momentum,
the eddies must transport angular momentum inward .The
converse is true for the mean inflow above the boundary
layer.

In the axisymmetric model, the role of eddies can be
calculated only as a mean effect represented by v,{, in
equations (11) and (15). If the heating (or d6/dt) is speci-
fied beyond some radius R*, the mean radial velocity
may be calculated for » > R* from (12), and »,{, from
(11). Figure 8 shows v,{, for R*==400 km in experiment

'1, assuming d8/dt=0 beyond 400 km. The negative values

in the upper troposphere show that the radial velocity
and absolute vorticity must be negatively correlated. In
the low levels, the correlation must be positive to balance
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TaBLE 2.—Rainfall rates r‘e:nw. VELOCITIES (mps) EXP1 %?-o' for 1400 km)
a0} 10 10 119
Experiment number 5 5
Radial ring o badd st
1 2 3 4 ol
(km) (em day=1) £ ofe
0-100 74.1 L1 88.1 82.2 © lus
100-200 1.2 15.7 17.2 16.7 &
200-300 2.0 2.3 2.8 3.6 =oF " 7
300-400 1.3 1.8 2.6 2.2 F Y 708
400-500 10 12 17 L6 e
. 100 200 300 400 R (m 800 00 800 900 1000
Ficune 9.—Mean radial velocity (v,) cross section for experiment 1
with no diabatic heating beyond 400 km.
VE:I ( 10'4(r':m/set':2’) EXRA4 g—?=lo for r;400km
srol. 150,125 -400 -7 i
I —s . . .
‘ Unfortunately, the region of 400-1000 km is & region of
se0}’ 157 relatively sparse hurricane data, as hurricane recon-
e naissance planes usually concentrate on obtaining data
350 -\_/\ w50 Heu for the interior of the storm. However, support for the
= 5 2 present hypothesis is found in the data of Izawa (1964),
. o o 1™ £ who computed mean wind structure from 14 typhoons.
; 28 E Izawa presents horizontal mean cross sections of », and ¢
2 A PN for 10 levels. A rough calculation from Izawa’s data at
12 km (about 200 mb) shows values for »/¢, of —25 and
azof- s 1 —99X10™* cm sec™? for radii of 500 and 400 km, respec-
' tively. These values, which are of the same sign and
a0} - e nearly the same magnitude as the values shown in figure 8,
support the hypothesis that large-scale asymmetries are
e T T important in the angular momentum budget at large

R (Km)

Ficure 8.—Cross section of correlation between radial velocity
(v,) and absolute vorticity (¢,) required to balance mean trans-
verse circulation by horizontal eddies for no diabatic heating
beyond 400 km.

the mean flow, although the required magnitude is less
than that in the outflow layer.

Clearly, the numerical values and the distribution of
v/t. depend strongly on the radius, R*. Choice of R*
equal to 400 km in this case is based on the reasoning
that the zero heating should begin near the radius where
the boundary layer vertical motion becomes negative and
the primary source of moisture is removed. Furthermore,
unrealistic heating and cooling rates result for larger R*.
Computations with £* equal to 600 and 800 km show the
same sign distribution of »/¢,, but slightly smaller values
as B* increases.

Qualitative evidence for the negative -correlation
between upper level outflow and absolute vorticity is
present in synoptic cases that show strong outflow to
occur anticyclonically in one quadrant of the storm. See,
for example, the asymmetric outflow associated with
the 1969 hurricane Camille (Parmenter 1969). Quantitative
evidence requires computing /¢, for individual storms.

distances from the hurricane center. Because these values
are computed from mean data in which many of the in-
dividual asymmetries have been eliminated by the
averaging process, it is likely that larger magnitudes are
present in particular storms.

Figure 9 shows the corresponding radial velocities with
no heating beyond 400 km. In contrast to the case with
heating (fig. 6), the depth of the inflow and outflow
layers remains constant with increasing r.

7. HORIZONTAL AND VERTICAL MIXING

Experiments 2, 3, and 4 investigate the effect of hori-
zontal and vertical mixing on the transverse circulations.
The results are quite ambiguous, however, because the
tangential winds are forced to remain constant as the
mixing is varied. In this type of model, small-scale varia-
tions in the tangential wind profiles remain in spite of
any amount of mixing. The compensating radial advection
required to maintain this ‘“noise’”’ produces oscillations
in the radial motion profiles. The greater the mixing, the
greater the oscillations must become, which is physically
unreasonable since increased mixing should produce
smoother profiles. This property is a fundamental defect
in this type of model, rather than a computational
problem.

Figures 10 and 11 show the radial wind and df/dt cross
sections for experiment 2 in which Kz=5X10? cm?
sec’! and K,=0. The overall effect of increasing the
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Figure 10.—Mean radial veloecity cross section for experiment 2
(horizontal mixing with no vertical mixing).
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Fi1cure 11.—Cross section of potential temperature change (dg/dt)
by diabatic heating in experiment 2 (horizontal mixing with no
vertical mixing).

horizontal mixing is to increase the upward motion and the
outflow while decreasing the sinking motion, as additional
angular momentum loss causes the streamlines to deviate
toward lower values of angular momentum.

The increased noise in the v, and df/dt fields is evident
in both figures 10 and 11. Since tangential wind profiles
taken from observations (for example, aircraft data)
may be expected to have more noise than the profiles
used here, an objective smoothing or filtering technique
will be required to obtain reasonable solutions.

In experiment 3, the horizontal mixing coefficient Ky
is increased to 10XX10® cm? sec™’. As expected, the
amplitude of the v, and d6/dt oscillations increase over
those found in experiment 2. The figures are not produced
here.

While noise in the radial profiles of tangential wind pro-
duces vertically oriented eddies, noise in the vertical pro-
files of v, produce horizontally oriented eddies. Figures 12
and 13 show the radial velocities and d/dt for experiment
4 in which K = 0 and Kz = 5 X 10° cm? sec™!. The addi-
tional source of cyclonic momentum in the upper levels by
the vertical mixing term requires stronger outflow to
balance the observed tangential winds. For example, the
maximum outflow at 900 km increases from 4 m sec™! in
experiment 1 to 12 m sec™! in experiment 4.

Apparently the “noise’’ in the vertical profile of v, is
less than that in the horizontal profiles, since the oscilla-
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Fraure 12.—Mean radial velocity cross section for experiment 4
(vertical mixing with no horizontal mixing).
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Fiecure 13.—Cross section of potential temperature change (d8/dt)
by diabatic heating in experiment 4 (vertical mixing with no
horizontal mixing).

TaBLE 3.—D1iabatic heating and cooling

Experiment no. Heating Cooling
(10t w) (104 w)

1 15.7 —10.8

2 18.8 —10.4

3 22,6 -10.7

4 20.5 =13.0

tions in figures 12 and 13 are less pronounced than those
in figures 10 and 11. This is probably a consequence -of
specifying the tangential wind at 51 points in the horizon-
tal and only six points in the vertical.

The total heating budget for experiments 1—4 is sum-
marized in table 3. All components are larger than empiri-
cal values by a factor of about 2 (Anthes and Johnson
1968). This is related to the large vortex chosen for this
study. The increased intensity of the meridional circula-
tion for increased internal mixing is indicated in table 3.
The total heating ranges from 15.7 X 10" watts (w) for
no explicit mixing to 22.6 X 10" w for experiment 3-in
which Ky = 10 X 10% cm? sec™!. Since lateral mixing
affects the meridional circulation mainly near the center,
the cooling remains relatively constant as Ky is varied.
The increased vertical mixing, on the other hand, requires
additional cooling.
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8. SUMMARY

Mean meridional circulations associated with a specified,
steady tangential wind are calculated for a domain 1000
km in radial extent. While realistic solutions are obtained
near the center, the vertical motions at larger distances
require unreasonable amounts of diabatic heating and
cooling to maintain a steady state in the axisymmetric
case. It is shown that asymmetries (large-scale horizontal
eddies) beyond 400 km could produce the required balance
without requiring physically unreasonable heating rates.
The mass and angular momentum budgets require nega-
tive correlation between radial velocities and absolute
vorticity in the upper levels and positive correlation in
the lower levels.

The results of several experiments show that this type
of model, in which the tangential motion is prescribed, is
unsuitable for investigating the role of internal mixing in
hurricanes. The steady-state assumption forces small-
scale “noise”’ in the tangential wind structure to be
balanced by noise in the radial and vertical motions.
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